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ABSTRACT

In this paper it has been pointed out that the merits of the Ridge
procedure as proposed by Hoerl and Kennard tend to be overvalued due

to an incorrect analysis of the associated Mean Square Error. For the
case of the so-called General ﬁidge Estimator it is then shown how the
exact MSE can be derived and finally it is seen that General Ridge
Estimator dominates the OLS estimator only in a limited interval of the

parameter space.
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Introduction

Since Hoerl and Kennard first published their so-called Ridge Regression

method in 1970, a considerable amount of research has been devoted to

this subject. Some Econometricians as well seem to be taken with the

Ridge Method, witness the publications of Vinod (1976 a, 1976 b) and

Moulaert (1976).

In our opinion, however, the Ridge Regression Method

a) is based on a dubious method, which consists of optimizing an unknown
loss-funetion, and

b) dominates the OLS estimator in MSE only in a limited range of parameter
values.

The subsequent analysis is more or less analogous tO the one carried

out by Feldstein (1973) who studied the mean square error efficiency of

COV (conditional omitted variable) and WID (weighted average) estimators

relative to the OLS estimator.

As Hoerl and Kennard (1970 a) we consider the standard linear model
(1.1) y = XB + €

where y is an observable random vector of n elements
X is an observable fixed matrix of order nxp with rank p
g is a vector of p unknown parameters

is a non-observable random vector of n elements which has a

m

: . i . i 2
multivariate normal distribution: e ~ n(0,0 I).

We also follow Hoerl and Kennard in reducing the above model to a
canonical form in which the X'X matrix is diagonal. This may be achieved

by applying the following orthogonal transformation to X and B. Let

(1.2) a =P'B
and
{1.3) ¥* = XP



|
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where the columns of P are the eigenvectors of X'X and
(1.4) pr = p

so that X*'X* = P'X'XP = A

with A the diagonal matrix of (positive) eigenvalues of X'X.
Then model (1.1) may be rewritten as

(1.5) y = X¥a + ¢

where 1t should be noted that
0"0.. = B'PP'S = B'B
The OLS estimator of a is

i L e

a_: (X*‘X*)

If we define the vector c as

(1.6) c = X&'y = P'X'y

Moreover, it is easily verified that

(1.8) B ="pa

The general ridge procedure is defined from
(1.9)  a* = [xxxx + K17 x%'y = [A + K17 e

with K a diagonal matrix with non-negative elements.
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The corresponding Ridge estimator in model (1.1) is then defined as
(1..10) B* = Pa*

Tt should be noted here that B* equals

8% = [X'X + K17 'X'y

only if K = kI. If K is not a scalar matrix it follows from (1.10) that

g* = [X'X + PKP']"1x'y

TIn order to determine the matrix K, we minimize the mean square error (MSE)

of 8% relative to o; this function will be denoted as m(&*;a)

: D
(1.11)  m(@%30) = E[(a* - a)'(a* - &)1 = T BE(8* - o)°
= 1

Writing (1.9) in scalar terms, we obtain

a* = L & Ty -3 D
il X o+ K
i i
? Realizing furthermore that [ci] =c¢c=X¥'y = Ao + X*'u

has a multivariate normal distribution:
2
¢ ~n(Aa, o°A)

or

we can write (1.11) as




Ny
=)
Q)
*
-
o
I

P g A c. — A.O 2
= ¥ 1 E b8 ll-ll
i=1. (A, + k.)2 oV av'A
i 1
2 2
D o A o k?
_ 1 S
= .E ) 1+ >
i=1 (A, + k.) a AL
il 1
2]
P GEA. + u?k?
= I 1 3o
f=A 2
(Ai+kl}

Minimizing m(§*;q) with respect to the ki‘s yields the following optimal values

of k.:
1

Tnspection of the second order conditions shows that (1.13) indeed constitutes
minimum for (1.12). Obviously this solution for k., i =1, ..., P is useless
for estimation purposes, since ki depends on the unknown parameters a5
i=1, ..., pand 02. Therefore Hoerl and Kennard propose the following

method for approximating the theoretical optimal values of k.:
i

3 : . A a8
(4. determine the OLS estimates &. and G
(ii) determine X, from k., = 62/&?
i(o) i(0) 3
(iii) continue the process as follows
e a8 1o, 23
l(l) -~ ] l(l) ’ s S )
Ai 4+ ki(l-]) o, L2
i(1)
Ly



In the remainder of this paper we will limit ourselves to this "general

form of the ridge regression", i.e. K a non-scalar diagonal matrix.
But we will conclude this introduction with a number of remarks about
the case of a scalar K-matrix, to which Hoerl and Kennard devote the
main part of their paper. First, it 1s observed that in case of a

unique k the MSE-function of &* becomes

D
{(1.14) 7' (d*;a) = I

so that in this case the first order condition for a minimum of 1 (8*;a)

does not yield an explicit value of k. This first order condition reads

as:
P a?k - 02
(1.15) LA 3= 0
j=1 (A, + k)
1
Unlike the case of different ki’ i=1, ..., p, Hoerl and Kennard do

not consider the possibility of applying an iterative method for
approximating the theoretical optimal value of k. Such a method could
consist of substituting for the unknown parameter a. the value of its

ridge estimate into (1.15),

and then solving by a numerical method the resulting education

As =0

e 2
D x° 4+ {2Ai = ci/sz)k + A5
%
= )?

1 (k + ).
L

The alternative method as presented by Hoerl and Kennard, viz. the use

of the so-called ridge trace, has already been critizised by Conniffe
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and Stone (1973) and Farebrother (1975). Their stability criterion leads
them to choose a too high value of k.

As indicated by Conniffe and Stone (1973), and Conniffe, Stone and O'Neill
(1976) and Newhouse and Oman (1971), the proof given by Hoerl and Kennard,
that for some fixed k G* has lower MSE than the OLS estimator of a, is

inapplicable for the practical case where k is a random variable. However,

for a unique k it seems impossible to determine analitically the true MSE
of &*, since k cannot be determined explicitely from (1.16). Fortunately,
the case of general ridge regression as presented earlier in the intro-

duction lends itself much better to an analysis of the MSE of &% and this

will be the subject of the rest of this paper.

The explicit general ridge estimator

The iterative method as proposed by Hoerl and Kennard to solve for ki and
&?which has been described in the previous section makes things unnecessarily
complicated and unclear. This method provides with a solution of the

following two equations

* ¢
(2.1) a, =
A. + k
1 i L
1=y » D
al y ¥P
(2u2) k; =6 /ai

But these equations may easily be solved analitically; substitution of (2.2)

into (2.1) yields the following quadratic equation in a::

*0 % .2
(2.3) Kiai - c;o + 4§ =0

%
and the roots of oy are

1 1/ 2 .
. st llm L RS o .
(2 h) al c j Cl hlld

: 2 AP ‘ . .
provided that ¢y 2 hlio . The corresponding roots of ki follow i1mmediately

from substitution of (2.4) into (2.2).

Hemmerle (1975) found independently the same solution.



Given this analytical solution a number of remarks can be made

(i) The general ridge estimator does not always exist; it is defined
Al

only if c? > Ur.3
i= "1
(ii) The general ridge estimator is not unique, since for each i there
exist two pairs (&I,ki) which satisfy (2.1) and (2.2) simultaneously,

: 2 -
provided that.c, > hAiUE.

(iii) The iteration procedure as proposed by Hoerl and Kennard selects by
P :
definition the set of roots (ai,ki) with the smallest k. (or the
highest la*l). This may easily be seen from figure 1 in which the

C. Y=
i * P
two functions a. = e /EQ/JEf are plotted for the
1 X + k., 3 1

i 1

case where c:.L > 0.

2)

figure 1

S

E:g_t:::::::_q_

From the graph it is clear that, provided the two curves intersect (i.e.

. 2 A2 ; : : .
provided that €. = hliO ), starting the iteration with ki = 0 (i.e. chosing

0) = ui) one always moves to the point of intersection with the
smallest ki.

for af
i

In the sequel we shall concentrate on the general ridge estimator as proposed

by Hoerl and Kennard, i.e. the &* corresponding to the smallest k.. From
5
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the previous paragraphs it is clear that this estimator is not defined

if c? < hkiag. Since it is our intention to compare the MSE-performance

*
of &i with that of the OLS estimator of ass it seems fair to complete
the definition of &? by defining it for c% < hAiEQ to be identical to the
OLS estimator of a. .

The general ridge estimator is then defined for the entire sample space.

If, moreover, we realize that the OLS estimator &; is defined as ci/hi,

; ~%
we may write o as

a; = o for luil < 28,
(2.5)
K 1~ a e - ”
K= = + 1 - U5./ 4 . 25.
a; = za; (1 \/ 5;/a; ) for |a;| > 25;
A P : y : .
where 5. = o /Ai is the estimated variance of a..

The exact mean square error efficiency

We define the MSE-efficiency of a; with respect to & (the OLS estimator

of o) as the ratio of the Mean Square Errors of the two estimators
(3.1) e (a*38,) = Bla* - o,1° / El& 1°
‘ e s R O - %

: . . ; 2
First we consider the simple case, where the variance of the system, o ,

is known. In that case the general ridge estimator &?, as defined in

(2.5) becomes

& = a. for |&.| < 2o
3 1 1 E 1

(3.2)
&, =2 8 (1 + V1 = hci/ai ) for ]ai| > 20

; & : . . ; 2 2
Since a. 1s Normally distributed with mean s and variance g, =4 /Ai



we may apply the result of appendix A and conclude that

o5 ai/A;

;U.i (-D"(_c’-;):lp-l( 0

)

where w1(.} is defined in appendix A and tabulated in appendix C. In figure 2
we have given ®1(-) for positive arguments only, since w1(.) is symmetric

about the origin.

From figure 2 it can be seen that the general ridge estimator of oy dominates

the OLS estimator for

a/As

1 1

< 2.59668 or |ail < 2.59668 c//f;

a

provided that the variance of the system is known.

o . : 2 .
Next, we consider the realistic case where the variance g 1s unknown. In
that case the general ridge estimator as defined in (2.5) applies. Since &i

a2
: ‘ ’ m 2 . : - .
is normally distributed and —g§ has a y -distribution with m degrees of

9

freedom, we may apply the result of appendix B and conclude that the MSE-

vl il =
efficiency of ai with respect to . eguals
5

{ g = - — P,
€y (Gi= ai) =9, (o , m) = @, ( P m)

where ¢5(.,.) is defined in appendix B and tabulated in appendix C. From
this table it can be seen that ¢@("') is very close to wi(') for different
values of m. Therefore we may consider @1(.) as a good approximation to the
mean square error efficiency of the general ridge estimator for unknown

variance.

in the sense of having a lower mean square error

1)



2 2andiy

L &L




IV. Concluding remarks

(i)

Contrary to the Stein-rule estimation procedures (see Baranchik (1973},
James and Stein (1961) and Stein (1960)), the Hoerl and Kennard
procedure is based on the minimization of an objective function

with unknown parameters. Therefore, any resulting optimal value of

k depends on the unknown parameters and should be redefined in

terms of estimated parameters in order to obtain an estimator. But
then the original MSE properties of 8* are no longer valid and the

redefined @* should be reconsidered with respect to its MSE.

The exact MSE has been calculated for the case of the so-called
general ridge estimator, with a non-scalar diagonal matrix K.

Here the function w1(.) as tabulated in appendix C and pictured in
figure 2 ‘turns out to be a good approximation to the mean square

error of 8*. This MSE is a function of (ai/Ai)/c only.

* ;
The general ridge estimator &i dominates the ordinary least squares
estimator &i only if aifhi/o < 2.59668, a condition which can be

made the subject of a pre-test.
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Appendix A

Consider the random variable X, which is Normally distributed with mean 8,

2

and variance 62, and the random variable Y which is defined as

=
Il

X for |[X| < 28,
(A.1)

1 (1 + /- w2 /) for |x| > 26

<
1]

2

The Mean Square Error of Y with respect to 8, is defined as
2
(A.2) W(Y;G1) =E[Y - 91]

and the Mean Square Error of X with respect to 0, is

2

(A.3) (X360 o

)
1) =E [X - 6,17 = o

We shall now derive an integral expression for the ratio H(Y;GT) / n(X;Gl)

and show that this ratio is a function of 81/62 only.

From (A.2) and (A.3) it follows that
(A.L) _ = E [y - 91]2

and since X is normally distributed we may write for (A.L)

m(Y;0 ) 1 x-6
(A.5) o shiis . ¢ ! [ /. (x - 81)2 exp {-2 (\ e-l>2 } ax
n(X;0,) 65 8 /2m |x| < 28, 2
jr 5, 2 2 B0y . »
+ [ix (1 + /[5 - Ug; f 27 ) - 8y] expl=} ( = ) } dx}
|x| > 28 2

2




This expression can be rewritten if we apply the transformation z = x/9
we then have

m(Y30,) 1 9
(A.6) L {/(z_i)g

n(x;e1) Vo

exp {-3 (z - El )2 } dz +
z|<2 2 2

0
+f|:22.1+\/1-?4/ N o ] ] L o®

o] exp {-3 (z - — )
z|>2
= LD.](B), with 8 = 61/82

It can easily be seen that the function @1(9) is symmetric about the origin,
therefore we confirm ourselves to 8 > 0 for its numerical evaluation. The

function wT(B) has been tabulated in appendix C.



——— 00000

=B.1=

Appendix B

Consider the independently distributed random variables X and Z which

have as marginal distributions a normal distribution with mean 61 and

variance Bg and a chi-square distribution with m degrees of freedom
respectively. Then the joint density of X and 2 is

2 x-6

[ f(x,z) = ¢z exp { - = - 3 ( = : )2 } for —» <x <w, z >

o N
|

(B.1) =0 ' elsewhere

with C = [o/2n T (%) zm/2j-—1

In this appendix we shall investigate the mean square. error with respect

to 81 of the following function of X and Z:

Y = X for [X| < 20,/2/m
(B.2)
_ 1 /i 2 2
Y =3X (1 +V/1 - hes z/mx for |X| > 26,YZ/m

and we shall consider again the mean square error of Y as a proportion of the

mean square error of X; we are thus looking for

?r(Y;81} 1 5
(B.3) Serhsler. # e E[Y—81] =
n(x;e1) 0,
m
(4 0 o i | x-8
2 .
= jr j; (x /= 81)2 22 exp{- £ - } { 5 ] )" }dmax +
62 - mx 2 2 .
2
h82
2
o MX
407 2
]
' + f f [3x (1 +;F1— hegz/mxe) - 61]L 22 .
‘ 2
x-0
= % ( ) i )2 } dzdx




After the transformation w = x/eg, the above expression can be rewritten

as
2
© = =1
c' /' ./ [3w (1 +V/1 - hz/mwe) -8]2 22 exp {~-% — 580" dziy
—-c0 0
2
. L
- /. /. (w—e)2 2° exp {- 2 -} (w—s)g} dzdw
-0 0 2
) 00 | -
+ /' /f (w+6)2 re exp {- 2 _ 3 (w—e)g} dzdw
— 0

and C'

]
.
9
]
ul
—~
B
p—
o]
=]
~
no
| -
!
—_

gral in this expression equals
and that the first two integrals may be taken together.

B G moreover,
we apply the transformation

i
=g
mw
we obtain
m(Y36,) T 2 2 &
(B.h) 1 = 1 + C” / yg exp{_% g—ﬂ } /h(w,y;e)lwlm .
m(X36,) 0 my+L 4

eexp {-3( XX )2} dwdy
o

= 0,(6,m)



[{ 3w (1 +/13)-6) = {v-0}2]

c" = C'(%)m/z

Hence W(Y;G1} f W(X;B1) can be written as a function of 6 = 61/82 and
,m) has been tabulated in appendix C

m alone. This function labelled as mz(e
for positive values of 6§ and even values of m1).

1)

It should be noted that the integral expression (B.k4)
easy to calculate for even m and since the function o
sensitive to m, it did not seem worthwhile to devot
effort to the calculation of wz(ﬁ,m)

is relatively
2(ﬁ,m) is not
e more time and
for odd values of m.
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